We have derived a kinetic model to assist in the study of gene expression for systems in which rapid changes in cell number occur. This kinetic model is based upon development of the sea urchin embryo, and considers changes in the number of cells, the fraction of each cell-cycle spent in mitosis, and the overall rate of transcription.
INTRODUCTION
The study of gene expression in embryonic systems is often complicated by the rapid physiological and morphological changes which take place in the developing embryo. One of the most pronounced changes that occurs is the rapid increase in the number of cells per embryo, which in turn causes a marked increase in the total amount of DNA available to serve as a template for gene transcription. If the increase in cell number takes place rapidly relative to other changes occurring in the embryo, it becomes an important parameter in the kinetics of gene expression. In the sea urchin embryo, the number of cells increases from one cell to over 500 cells in less than 24 hr (Hinegardner, 1967) . In order to evaluate the significance of this rapid increase in cell number and other alterations which influence gene transcription in the sea urchin embryo, we have developed a mathematical model to simulate these processes. The model will first be described in general terms, and will then be applied to existing data concerning actin gene expression during development. DERIVATION 
OF THE MODEL
We will describe a model of gene expression for the developing sea urchin which takes into account the changes that occur in the number of cells per embryo, the transcription rate per nucleus, and the length of the cell cycle. Because in many cases we can only define how variables change with respect to each other, this model will take the form of a system of simultaneous differential equations.
1 To whom correspondence should be addressed.
The number of cells present in the embryo of the sea urchin, Strong?dlocentrotus purpuratus, at different times of development was first determined by Hinegardner (1967) . Our attempts to fit these available data to known growth equations such as exponential, logistic, Gompertz and others were unsatisfactory; however, we have fit these data to a set of two simultaneous differential equations of the form: ) in which N is the number of cells per embryo, P is the cell's potential to divide, and t is time. CY is the initial exponential growth rate constant of the embryo, and p is the decay constant for the cell's potential to divide. The cell's potential to divide is initially set to unity, and (Y can be calculated to be 0.49 hr-' from the early data points of Hinegardner using a least-squares linear regression. Empirically, we found the growth equation fit the data best with /3 equal to 0.0024 cell-' hr-'. These two equations can be written as a single equation from which the nature of the growth equation is more easily
where p' = P/CL From this form of the growth equation it is apparent that the rate of cell division decays exponentially with respect to the number of cells per embryo. When this growth equation is numerically integrated and compared with the data of Hinegardner (1967) , the theoretical curve accurately predicts the number of cells per embryo throughout development (Fig. 1) . As the sea urchin develops it performs work, and the amount of work performed can be measured in units of 434 DEVELOPMENTAL BIOLOGY VOLUME 102, 19&I state is transcriptionally inactive (Nemer, 1962) , and In (B)/aP (7) where X is the absolute time in hours the cell spends cell-hours. The equation relating cell-hours of work (H) with condensed chromatin. The change in Cwith respect to the number of cells per embryo is to P can be found from Eq. (7), and the time-dependent function of C results by applying the chain rule using dH/dt = N.
(4) Eq. (2):
This model will now be expanded to incorporate feadC/dt = pNP2 (8) tures of sea urchin embryogenesis which affect the amount of work contributing to gene transcription. Sevwhere p is equal to a$X/ln(2), or 0.0028 cell-l.
eral researchers have measured the rate of transcription Equation ( 
The importance of considering changes in cell number in the embryo when evaluating gene expression will be The time derivative of T is obtained using the chain demonstrated by applying the above concepts and equarule with equations 1 and 5, yielding tions to data collected on the quantity of actin messenger dT/dt = -p'NPT (6) RNA present in the sea urchin embryo throughout development. Little actin messenger RNA activity can be where T is the rate of transcription per cell, and p' is detected in the unfertilized oocyte, but by 24 hr of deequal to a~ or 0.0011 cell-' hr-'. The rate of transcription velopment actin constitutes approximately 5% of all can be expressed in pg of heteronuclear RNA synthesized protein synthesis (Merlin0 et al, 1981; Peters and per hour, oras a relative value (in the present example, Kleinsmith, unpublished observation). Clearly, signifiwe have set the transcription rate of the 16-32 cell em-cant amounts of actin messenger RNA must be synbryo equal to unity and expressed all other values rel-thesized during the developmental period following ferative to unity).
tilization. The concentrations of two actin messenger RNAs, of 1.8 and 2.0 kilobases, respectively, have been observed to increase in amount dramatically between 12 and 24 hr of development (Merlin0 et aL, 1981) . These two actin messenger RNAs then decrease in concentration during subsequent gastrulation. When the changes in the amount of actin messenger RNA per embryo are compared to the increase in the number of cells present, it is seen that the elevation in actin mRNA that occurs between 12 and 24 hr is proportionally greater than the increase in cells per embryo (Fig. 2) . This would upon first impression imply a relative increase in the level of expression of the actin genes. This analysis is incomplete, however, because the change in actin messenger RNA has been compared only to the total number of cells contained in the embryo, and not to the total work performed by the cells of the embryo. The incompleteness of this analysis can be best demonstrated by examining the units for the transcription rate (1) and (2) (smooth dashed curve). In the case of the 2.0 kb RNA, the small amount of actin mRNA present in the egg has been subtracted from the amount of actin RNA at later times during development so that only newly synthesized actin mRNA is examined. For comparison, the values of actin mRNA have been set equal to the number of cells per embryo at 24 hr of development. In neither case does the shape of the theoretical curve match that of the curve for the amount of actin RNA, indicating that there is no direct relationship between the number of cells per embryo and the amount of actin messenger RNA. (2), and (4) is compared with the 1.8 kb actin mRNA (Cl), and the 2.0 kb actin mRNA (0). For comparison, the amount of actin mRNA at 21 hr of development has been set equal to the number of cell-hours of work at 21 hr. In each case, the work function overlies the curve for the accumulation of the actin mRNA indicating that the kinetics for the accumulation of these RNAs are compatible with a constant transcription rate per cell. Note that even though the amount of 2.0 kb actin messenger RNA is only half the amount of the 1.8 kb actin messenger RNA at 24 hr of development, the kinetics of their accumulation is the same.
formed by the embryo and is analogous to the concept of a wo(man)-hour. The number of cell-hours (H) of work performed by the embryo through development is calculated by numerically integrating equations 1, 2, and 4. In Fig. 3 , the amounts of actin mRNA are compared with this cell-hour function. The curves for the cell-hour function and the amount of actin mRNA overlie one another through 24 hr of development. This demonstrates that the rapid increase in the amount of actin mRNA that occurs between 12 and 24 hr of development is compatible with a constant transcription rate of actin message per cell.
To simplify the above discussion we have assumed a constant rate of transcription for the actin genes, while we know that the overall rate of transcription per nucleus decreases through development. We wish now to consider the change in transcription rate along with changes in the amount of time the chromatin spends in an active conformation. These changes are considered by the system of differential Eqs. (l), (2), (6), (8), and (9). When this system of equations is integrated numerically and the transcriptional work ( W) is compared to the amount of actin mRNAs (Fig. 4) , the two curves still overlie one another. This indicates that the decrease in the rate of transcription does not significantly influence the overall shape of the work function because the increasing number of cell-hours is the dominating factor. (2), (6). (8), and (9). Consideration of the change in rate of transcription and the fraction of time spent in mitosis does not significantly change the shape of the curve from that of the cell-hour work function, even though the absolute values do change. The curve for transcriptional work performed overlies the curves for the accumulation of actin mRNA, indicating that actin messenger RNA would accumulate with the same kinetics even if the rate of actin transcription decreased through the course of development.
DISCUSSION
The above analysis demonstrates how this set of differential equations can be used to examine data relating to gene expression in the developing sea urchin. The observation that the curve for the transcriptional work of the embryo overlies the curve for the accumulation of actin mRNA is consistent with the interpretation that actin messenger RNA is synthesized at a constant rate per cell relative to all RNA synthesis up until 24 hr of development, and that actin messenger RNA degradation is not significant until after 24 hr of development. Of course, the close correlation between the observed and theoretical curves does not prove that our interpretation is correct; however, it is the simplest interpretation. This interpretation is not intuitively obvious, thus emphasizing the need for this set of equations to help analyze gene expression data.
After 24 hr of development, the cell-hour curve no longer overlies the curve for the amount of actin messenger RNA. This divergence of the theoretical from the observed data indicates that additional factors have come into play, and that more data are needed to interpret the decrease in amount of actin messenger RNA. The two most obvious possibilities are that the rate of actin messenger RNA synthesis decreases and/or that the rate of degradation increases. Shott et aL (1983) have shown that while 5'. purpuratus has six actin genes, only two of these genes, CyI and CyIIIa, produce significant amounts of transcript in the early embryo (our 1.8 and 2.0 kb actin messages). Our analysis is therefore not complicated by the presence of actin transcripts other than the two we have been considering. As mentioned in the legend to Fig. 3 , the amount of 2.0 kb actin messenger RNA is only half the amount of 1.8 kb actin RNA at 24 hr of development. This observation might seem to invalidate our assumption that the two actin messenger RNAs are synthesized at the same constant rate per cell relative to all RNA synthesis. However, it has been found that the 1.8 and 2.0 kb actin messenger RNAs are selectively expressed in the ectoderm and endoderm/mesoderm respectively (Peters and Kleinsmith, unpublished observations).
Since there are half as many cells in the endoderm/ mesoderm as there are in the ectoderm (Bruskin et al, 1981) , there are half as many cells synthesizing the 2.0 kb message as the 1.8 kb actin message. Thus the transcriptional work performed by the embryo is simply partitioned to reflect the number of cells producing each actin transcript. Not all messenger RNAs behave in the same manner as the actin messenger RNAs which we have been considering. Accumulation of histone messenger RNA, for example, does not follow the cell-hour function, but rather is proportional to the change in the number of cells per embryo (Nemer et a& 1975) . Likewise, other messenger RNAs have also been found to exhibit specific patterns of localization and kinetics (Bruskin et al, 1981) . The model described in this paper can be used to ascertain what kinds of regulation may be occurring with these different types of transcripts. Although the equations we have developed are specific for the sea urchin embryo, the principles used to construct this model can also be applied to other developmental systems in which the number of cells changes rapidly.
